Introduction
Path planning plays an important role in the navigation of autonomous vehicles and assisted systems. But, the significant property in this field is that the path planning is developed to satisfy the non-holonomic constraints raised due to its motion. During initial stages of research on path planning, investigators had only considered the length of the path as the major cost, and majority of them were worked extensively to obtain an efficient method, that can generate a collision free path. In general, path planning for mobile robots can be categorized into various classes [1] . Roadmap based methods were used to extract the network representation from the environment and then they apply graph based search algorithms to determine the path. Exact cell decomposition methods were used to construct the non-overlapping regions that cover free space and encode cell connectivity in graph. The approximate cell decomposition method was similar to the exact cell decomposition method, but the cells were assumed to have a predefined shape and it did not exactly cover the entire free space. The potential field method [2] , which is different from the other methods in which the robot was assumed to be a point robot which was moving under the influence of attractive forces generated between the goal and the pushing away from the obstacles due to the influence of repulsive forces generated between the obstacles and robot.
The essential requirement for solving the motion planning problem is the creation of appropriate terrain/environment. Once the environment is created, motion planning algorithms can be implemented in an effective manner. This section presents a brief overview of the different types of path planning methods. The available path planning algorithms are categorized into two types [3] : The first category deals with the classic approaches and the second one is focused on heuristic approaches. In classical approaches, the algorithms are designed to calculate the optimal solution, if one exists, or to prove that no feasible path exists. These algorithms are generally very expensive, computationally. But in heuristic approaches, the algorithms are anticipated to search for good quality solutions with in a short time. However, heuristic algorithms can fail to determine the good solution for a difficult problem. There exit few variations of classical methods, such as cell decomposition, roadmap, artificial potential field and mathematical programming to generate the path for the mobile robots. These methods alone and along with their combinations are often used to develop more successful paths. In the roadmap approach [4] , feasible paths were mapped onto a network and searched for the desired path. However, the searched path was limited to a network and those path planning algorithms become a graph based search algorithm. Moreover, some of the researchers had developed some well-known roadmaps after using visibility graphs, voronoi diagram [5] and sub-goal networks. In [6] , the visibility graph algorithm was used to calculate the optimal path between the start and goal points. In that approach, the authors did not consider the size of the mobile robot, and the mobile robot was moved very close to the vertex of the obstacles. However, the computational time for planning the path using the above method was too long. Later on, researchers developed various methods, such as the voronoi diagram [7] and sub-goal network [8] algorithms that were performed in a better manner when compared with the visibility graph.
In addition to the above approaches, Cai and Ferrai [9] proposed the cell decomposition method, which was the simplest method for planning the path for mobile robot, but the algorithm was inefficient in terms of planning time and managing the computational memory according to the cell size. However, the hybridization of roadmap method with cell decomposition method was seen to provide better efficiency and worked based on the concept of free configuration space (C-space). Due to the lack of adaptation and robustness, the conventional approaches were not suitable to solve the motion planning problems in dynamic environments. Further, among heuristic approaches, researchers had used A-star algorithm [10] to calculate the shortest path for a given map. In general A-star algorithm was a classical heuristic search algorithm and it was applied on a Cspace for planning the path of a robot. The search efficiency of the A-star algorithm was low and the planned path was optimal, when compared with the cell decomposition method. Stenz [11] used D-star algorithm, which was not heuristic, to perform search equally in all directions. When compared with the Astar algorithm, it was found to perform slowly, because this algorithm searches large areas before reaching the goal. In conjuction with, researchers also developed soft computing based approaches for obtaining the optimal path in cluttered environments. In [12] , a genetic algorithm was used to obtain the best feasible path after many iterations. It happened due to the complex structure of GA, which requires a huge time to process the data. When dealing with the dynamic environments, this fact lead to the premature convergence while obtaining the optimal solution. To improve the performance of GA, some researchers had suggested different types of optimization algorithms such as, combining genetic algorithm and simulated annealing [13] , ant colony optimization [14] , particle swarm optimization [15] , cuckoo search algorithm [16] , invasive weed optimization [17] , bacterial forging optimization [18] and firefly algorithm [19] . In addition to the above approaches, some researchers have also used the soft computing approaches, such as fuzzy-genetic algorithm [20] and neural network based algorithms [21] to solve the motion planning problems of biped robots.
Further, Santiago et al. [22] proposed a robust algorithm called Voronoi fast marching method for obtaining the smooth and safe path in a cluttered environment. It worked based on the phenomenon of local-minima-free planner. Lucas et al. [23] developed a fast marching tree using FMM algorithm for obtaining the optimal path in a high dimensional configuration space. Moreover, a novel path planning algorithm was introduced [24] with non-holonomic constraints for a car-like robot. In this approach, the FMM was used to investigate the geometric information of the map, and support vector machine was used to find the information related to the clearance of the obstacles. The FMM was guided by this function to generate the vehicle motion under kinematic constraints. In [25] , the authors explained a detailed overview of fast marching method and also recalled the methods that is, FM2 and FM2* developed and used by the same authors in path planning applications. Garido et al. [26] applied the FMM algorithm to simulate the electromagnetic wave propagation. Here, the wave starts from a point and continuous to iterate until it reaches the end point. The generated field had only one global minima point, which was located at the center point. Petres et al. [27] developed anisotropic fast marching method, which was an improved version of FMM with higher computational efficiency than level set method. Further, Song et al. [28] proposed a novel multi-layered fast marching (MFM) method to generate the practical trajectories for the unmanned surface vehicles while operating in a dynamic environment. To design an optimal path planning algorithm in [29] , the authors developed an effective and improved artificial potential field method combined with regression search. Simulataneously, Ravi et al. [30] established a hybridized path planning algorithm for static and dynamic environments. In this work, they used a 3-point smoothing method to generate the optimal path.
The main objective of the present research is to minimize the path length subjected to constraints on different curvature properties. In order to determine the path in the global map, the authors have presented a novel hybridized path planning method (that is, FMMHRS). It is important to note that the developed FMMHRS will help in achieving the shortest path due to the inherent characteristics of regression search. Initially, FMM has been applied to solve path planning problems [31] . In certain scenarios, the path trajectories obtained are not safe because the path is very close to the obstacles. In order to improve the safety of the path trajectories calculated by using the fast marching method, it is possible to give two solutions: The first possibility is to avoid unrealistic trajectories, generated when areas are narrower than the robot. Therefore, the minimum clearance that should be maintained between obstacles and walls is at least half the size of the robot. The second possibility that has been used in this work is to enlarge the distance between walls and objects to a safe distance so that the robot will not collide with an obstacle. Therefore, initially the entire path is generated with the help of FMM from start to final goal. Once the FMM path is generated, it is split into number of equally spaced nodes. Then regression search is initiated on the nodal data by connecting the present node to the next and by checking the clearance distance between the path and obstacle. This procedure is continued until, the robot reaches the target. To the best of the author's knowledge, this combination has not been tried by any researchers in the field of motion planning of biped robots. Moreover, the proposed algorithm is implemented on static and dynamic environments in both computer simulations and in real time environment. Further, an 18-DOF biped robot has been used to tackle the real time situations. The advantages of this method are ease of implementation, speed and quality of the path. Moreover, this method can work in both 2D and 3D environments, and it can also be used in a local or global scale path planning problems.
The Fast Marching Method
The FMM is an efficient numerical algorithm developed by Osher and Sethian in 1988, which was used for tracking and modeling the motion of a physical wave front interface. In general, the algorithm has been applied in various research fields including medical imaging [32] , computer graphics [33] , image processing [34] , computational fluid dynamics and computation of trajectories etc.
The wavefront interface can be modeled as a 3D surface or a flat curve in 2D. The FMM calculates the time T that a wave needs to reach every point of the space. The wave can be originated at one point or more than one point at a given time. If it is originated at more than one point, then each source point generates one wave front and all the source points are associated with time T=0. In the context of the FMM the authors have assumed that the wave front (ᴦ) grows by motion in the direction normal to the surface. But, the wave speed F which is not same everywhere and it is always non-negative. At a certain point, the motion of wavefront is designated by the Eikonal equation, which is given below.
where x indicates the position of origin, F(x) represents the wave propagation speed and T(x) denotes the time required by the wave interface to reach x. Further, the magnitude of the gradient of the arrival function T(x) is assumed to be inversely proportional to the velocity of the wave front.
In order to understand the present research paper, it is significant to highlight the property of wave's propagation. It is important to note that the function that represent the time required by the wave interface to reach x. i.e. T(x), only represent a global minima from one single point. Further, as the wave front only expands (F>0), the locations away from the source should have greater arrival time T. Moreover, the problem of local minima will arise only if a particular point has a lesser arrival time (T) than the neighbor point which is closer to the source, which is not possible, as the wave must have already reached this neighbor before. In [31] , Sethaian established a discrete solution for the Eikonal equation in a 2D area discretized using a grid map. According to [35] the discretization of gradient ∇T can be achieved with the help of the equations given below.
In the above expression, i and j indicate the rows and columns of the grid map, respectively, hx and hy are the grid spacing in x and y directions, respectively. Now substitute Eq. (3) in Eq. (2) and simplify to produce Eq. 4 shown below.
The revised form of the Eikonal equation, in 2D space after solving the above quadratic equation is given in equation (5) . 
It is to mention that the speed of the wave front is assumed to be positive (F>0), T must be greater than Th and Tv, whenever the wave front has not already passed over the coordinates i, j. Subsequently, Eq. (5) can be rewritten as follows.
In (5) will become zero. Moreover, while solving equation. (7), if Ti,j<Th, then the Eq. (6) is written as follows.
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Further, if Ti,j < Tv, the equation (6) will be written as follows. To demonstrate the execution of solution of Eikonal equation, let us consider the following two Figs. 1(a) and 1(b) in which the wave is originated at one and two source points, respectively. In both the figures, the frozen zones are indicated by red colour and their T values are not changed. The points for narrow band and unknown zone are marked by yellow and white colour, respectively. It is also important to note that the wave propagates concentrically in Fig. 1(a) and it propagates in Fig. 1(b) . This process continuous and the cells expand as the physical wave grows. The cells that have less T value will expand first. If two cells have different arrival time, then the cell first addressed by the wave front will expand first. 
Regression based Search Method
Although, the FMM algorithm has developed the collision free path in a cluttered environment, it will consume more time and energy of the robot to execute the path. Therefore, to optimize the obtained path in the present research work the authors have implemented a regression search method. In order to obtain the shortest path, the regression search algorithm tries to establish straight lines between the start point and goal point via interconnect points, which are connected with the latter inter points. If the straight line does not cross any obstacle, then the inter start point connects with the next later point with a new straight line until this line crosses any obstacle or the distance between the line and obstacle is less than the d0. 
Check the distance Dj,k from obstacle >d0 then k=k+1 End Obtain the optimal path
The schematic diagram showing the principle of operation of regression search method is shown in Fig. 2 . Let us consider that the set of sequential points generated by FMM are assumed as R1, R2, … Ri, Ri+1, … Rn. If the regression search method is applied on the said points, the algorithm tries to connect the initial point (that is, inter start point) R1 with the next sequential point R2 with the help of a straight line forming D1-2. Then the algorithm tries to determine that whether D1-2 is crossing any of the obstacles existing in the terrain or not. Once it determines this, the algorithm finds the shortest distance between the line D1-2 and the obstacles. If D1-2 is not crossing any obstacle or the shortest distance is greater than d0, then the algorithm reconnect with R1 with R3 as D1-3, and this procedure is repeated until D1-i+1 crossing any obstacle. Then the local optimal path up to this point is denoted by D1-i. If there are no further obstacles in the terrain, then the similar procedure as mentioned above is repeated between the inter start point Ri and the target Rn to obtain the path Di-n. Now the robot has to move along the optimal path (D1-i to D1-n), which consumes less energy when compared with the path obtained by FMM algorithm.
Results and Discussions Related to Simulation Studies
In this section, the simulation results related to the FMM and FMMHRS in two dimensional work spaces under static and dynamic environments are presented.
Once the path planning algorithms have been developed, the effectiveness in generating the collision free paths on various scenarios is studied in computer simulations. These computer simulations are conducted in Python programming environment with the help of a PC that consists of Intel i5 processor running on 2.2 GHz. The 2D simulation space considered in the programming environment is fixed at 500 × 500 pixel.
Simulation Results in the Static Environment
In the present section FMM and FMMHRS algorithms are compared with an artificial potential field method (APF) combined with particle swarm optimization (PSO) and three point smoothing method available in the literature [30] are shown in Fig. 3 . From Fig. 3 , it can be observed that both the proposed approaches and the approach available in [30] are found to generate the collision-free paths in both the scenarios shown above. Further, Table 1 gives the path lengths and time taken to generate the path during the said simulation study. It is seen that the length of the path generated by FMM and FMMHRS algorithms are seen to be less when compared with the APF with PSO and three point smoothing method.
Moreover, it has also been observed that the hybrid algorithm (that is, FMMHRS) proposed in the present research has performed better than the other algorithms considered in this study in terms of both the path length and time taken to generate the path. Further, the authors have tested the proposed algorithms on new scenarios/maps in both static and dynamic environments. The results related to the generation of path on new terrains after employing FMM and FMMHRS are shown in Fig. 4 . It can be observed that in every case, the path developed by the FMMHRS is shortest and optimal in nature when compared with the path obtained by standard FMM algorithm. It is to be noted that in all the maps the obstacles are marked with black color and certain amount of clearance is provided around the obstacles. The path developed by the FMM and FMMHRS are indicated with green and blue color lines, respectively.
Further, Table 2 gives the path length and time required to generate the path for various terrains. From the results of Fig. 4 and Table 2 , it has been observed that the FMMHRS approach is seen to provide a shorter path when compared with the standard FMM approach. This may be due to the fact that in FMM approach initially the collision-free path is obtained basically by not considering the shortest route. Later, regression search is employed in which it is always trying to draw a straight line between interstate point and goal point. Then the algorithm will try to determine the location and providing certain clearance around the obstacle to safely navigate the robot without any collision. This fact led to the generation of shortest path. 
Simulation Results in the Dynamic Environment
The developed FMM and FMMHRS algorithms are also used to generate collision-free optimal path in some dynamic environments. The results of simulation for the scenarios involving one, two and three dynamic obstacles are shown in Figs. (5) and (6), respectively. In all the cases, the scenarios are created in such a way, that the straight line path of the robot will be disturbed, so that once again the robot will plan its future course of its action without deviating from the goal. The obstacles are painted with black color and the start and goal points are indicated by blue and green color circles, respectively. The paths generated by the FMM and FMMHRS algorithms are indicated with green and brown color lines, respectively. It can be observed that, in all the scenarios the robot is trying to avoid the collision with the obstacles. The path length and time of travel for the robot to reach the goal are given in Table 3 . In this case also FMMHRS algorithm is seen to provide optimal path when compared with FMM algorithm. The reason for this is also same as the one explained above for the static obstacle case. 
Experiments in the Real Environment
In the present work, the effectiveness of the developed motion planning algorithms is verified by conducting real time experiments. To execute the paths developed by FMM and FMMHRS algorithms, the authors have chosen a biped robot [36] .
Experimental Results in the Static Environment
To find the effectiveness of the developed motion planning algorithms, in the present study two different scenarios shown in Figs. (7) and (8) are considered. For ease in identification during image processing, the terrain and the obstacles are painted in white and red color, respectively. The obstacles (that is, static) are located on the terrain in a particular fashion to reflect different scenarios. Further, the start and goal points are marked using marker pen on the terrain. An overhead camera is mounted at the top of the terrain to capture the video of the scene. The two shoulders of the biped robot are marked with green color to indicate the location in the terrain through image processing. The algorithms are implemented using Python software and the image processing technique is used to detect the locations of the obstacles and robot in the scene. While conducting the real time experiments, a wired communication has been employed between the robot and computer terminal to transmit the data related to the on-line path developed by the algorithms, and the required gait angles that are generated to track the path decided by using the said algorithms. The paths developed by the FMM and FMMHRS algorithms are marked by thick yellow and green lines which are shown in Figs. (7) and (8), respectively. The path length, distance travelled by the robot and time taken by the robot to reach the goal position are given in Table 5 . It can be observed that the path decided by FMMHRS is seen to be the most optimal when compared with the path developed by the FMM algorithm. The reason for this is same as the one explained earlier. Further, the distance travelled by the robot is seen to be more when compared with FMMHRS. This may be due to the fact that the biped robot is a mechanism that is supported on discrete foot holds and the balancing is a serious problem. Therefore, when the path generated by the algorithm is curved in nature, it will be difficult for the robot to track the exact path due to the following reasons.
1. The robot cannot make sharp turns due to balancing problems raised by the changes in inertia of the robot.
2. The play exists in the transmission mechanism between the motor and the joint also allows for certain misalignment of the path while tracking.
Further, it has been observed that the time taken by the robot to travel from start to finish is seen to be very high when compared with the time required to generate the path by the algorithm. It might have happened because the mobility of the biped robot is very slow due to the balancing problems. The other reason could be the wired transmission of data between the computer terminal and the robot. However, the biped robot has successfully navigated the path among the static obstacles.
Experimental Results in the Dynamic Environment
The real experiments related to the execution of motion planning in dynamic environments consists of two and three obstacles as shown in Figs. 9 and 10, respectively. As it is a dynamic environment, the obstacles used in this study are allowed to move slowly to meet the requirements of slow walking of the biped robot. During dynamic walking, the path will be updated at regular intervals of time after considering the new location of the robot and moving obstacles. The path update rate can be varied based on the velocity of the biped robot and obstacles. Figures 9 and 10 show the path generated by the FMM and FMMHRS algorithms and tracked by the robot on the terrain while moving among two and three obstacles, respectively. Table 6 shows the result related to the distance covered by the robot from start to the goal and the time taken by the robot to reach the goal position. The results shows that both the algorithms that is, FMM and FMMHRS are capable of generating the path in real time for the environments that contain dynamic obstacles. Further, the biped robot is seen to follow the optimal path generated by FMMHRS with little deviation. The reasons for this are explained in the experiments related to the cases involving static obstacles. Table 6 Results related to the distance covered and time of travel for various scenarios
Comparison with Other Work
Based on the literature, the authors performed some qualitative comparisons with the approaches reported in [24, 31, and 37-40] . Till date, some of the researchers had used a FMM algorithm to generate the path in computer simulations. In this work, the authors not only used this algorithm to generate the path in a cluttered environment, but also developed an optimal path after combining FMM with regression search (FMMHRS). Moreover, some of the researchers [29, 30 and 41] had worked on the generation of collision-free path in both the static and dynamic environments in computer simulations only. In the present research, the authors have implemented the said algorithms in both computer simulations and in real time environments. Further, a majority of research in motion planning involves the usage of wheeled robots for validation, which has having better mobility and stability. The only drawback is that, it only can navigate on a continuous terrain, whereas the biped robots are planned to use in the environments that are noncontinuous. It is important to note that the mobility and stability of the biped robot is poor while in motion and it can navigate on a discontinuous terrain. In the present study, the proposed FMM and FMMHRS algorithms are successfully implemented on the biped robot in both the static and dynamic environments.
Conclusions
This paper explains the features of the FMM and FMMHRS algorithms used to generate a path in both the static and dynamic obstacles environments. Initially, both the algorithms are used to solve the motion planning problem in simulations and in various scenarios. Based on the results of simulation, it can be observed that the developed algorithms are capable of generating collision free paths from start to the goal point. It has been observed that the FMMHRS algorithm is seen to perform better than the FMM approach, for both the static, as well as dynamic scenarios. It may be due to the fact that FMMHRS always tries to provide a straight-line path between the start point and the goal point, when there is no obstacle in the line of path. Further, the real-biped robot is seen to track the path with little deviation and reach the goal point safely.
